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A classical electrostatic solution for polarisation charge on the interface of a dielectric cavity interacting 
with an internal point charge is presented. This solution comes from the Gauss electrostatic potential as a 
sum of two terms, the cavity and the point charge, expanded with Legendre polynomials. Subsequent 
application of the Dietrich-Newman boundary conditions defines the problem of emptiness in the inside 
and isotropic dielectric medium on the outside of the spherical interface to obtain an equation which 
describes the surface charge density on the interface. These results are compared with quantum chemical 
calculations using density functional theory for neutral 𝐂𝟔𝟎 fullerenes. Comparison showed that there was 
good qualitative agreement between the classical electrostatic theory and quantum calculations. The 
polarisation effect that occurs as a result of the motion of the trapped particle inside the C60 molecule 
shows potential for a polarisable nanoswitch which might be used in nanotechnology as electronic 
component. 
 
 Since Lord Kelvin in 18501,2  a huge amount of work has 
been done for conductors and for dielectrics since Kirkwood3 in 
the 30’s especially the electrical contribution for the chemical 
potential of an ion using Debye-Hünckel theory4 for a point 
charge inside of a dielectric sphere. More recently, in 1992 the 
image theory method was applied for dielectrics, particularly 
for a homogeneous and layered dielectric sphere by Lindell et 
al.5,6 Other analytic expressions were obtained by Ohshima in 
the form of an explicit infinite series for two dissimilar hard and 
soft (ion-penetrable) spheres with constant surface charge 
density.7–9 In the same dielectric perspective Cai et al proposed 
a method to extend the fast multipole method (FMM) based on 
a Green’s function for the Laplace operator or the Helmholtz 
operator to calculate the electrostatic potential due to charges 
inside and outside of a dielectric sphere.10 Bichoutskaia et al 
proposed a model between two dissimilar dielectric spherical 
particles obtained from Gauss’s law that couples the 
distribution of polarisation charge on the surfaces.11 
 
In previous publications, an analytical solution for the 
distribution of charge on a dielectric sphere due to the presence 
of an external point charge has been presented. This describes 
how charge on the surface is polarised by an electric field into 
regions of negative and positive charge.12 That solution is based 
on the assumption that the polarisable charge resides on the 
interface of the dielectric sphere and no polarisation charge is 
present inside of the dielectric sphere, and the outside of the 
sphere is vacuum. Most of the electrostatic solutions for a point 
charge and a particle on both conductors and dielectrics are for 
the point charge being located outside of the sphere. One of 
few solutions for a particle inside a dielectric was proposed by 
Sten et al13 in complement of a previous theory5 handled by 
infinite series of spherical harmonics and solved in terms of 
image line and point sources on a point charge located outside 
and inside. The sphere in both cases is filled with a dielectric 
material, this prior work cannot be compared with the present 
paper because the model involves a hollow sphere with a 
dielectric material surrounding it. Cases in which the charge is 
inside of the sphere have significant relevance in biological 
structural analysis specifically to physical applications.14 Other 
physical applications of charge residing in the inside cage 
molecule has been used for molecular switching purposes such 
as Ca@C60 and Li@C60 endofullerenes based on charge-transfer 
excitation.15,16 
When a particle is moving outside of the C60 cage, the 
polarisation affects the regions of the C60 according to a classic 
electrostatic model11,12,17. In this particular case an analytical 
solution of polarisation charge in the spherical interface due to 
the presence of an internal point charge: a classical solution for 
a particle moving inside of a spherical cavity cage with the same 
characteristics of a C60 molecule was used in order to compare 
with quantum calculations on C60 fullerene assuming that the 
partial atomic charges reside at the interface between the 
internal wall of the molecule and its internal empty space. The 
polarisation is a direct consequence of the distribution of 
charge induced by the presence of an electric field; in this case, 
as well, the polarisation is induced on the spherical interface by 
the presence of the point charge inside of the sphere. This 
surface charge density 𝜎(𝑠) is related by the Gauss electrostatic 
potential Φ(𝒓) as follows: 
  
 Φ(𝒓) = 𝐾 ∫
𝜎(𝑠)𝑑𝑠
|𝒓 − 𝒂|
 + 𝐾
𝑞
|𝒓 − 𝒉|
 (1) 
 
  
Equation (1) is the sum of the contributions of the spherical 
interface surface charge (first term) and the point charge 
(second term) to the potential Φ(𝒓) where 𝒂 represents the 
radius of the sphere, 𝒉 the distance from the point charge to 
the centre of the sphere (see Figure 1),  𝑞 the magnitude charge 
of the point charge and 𝐾 = 1 4𝜋𝜀0⁄  (𝜀0 = 8.85 ×
 10−12 𝐹 𝑚−1) as a proportionality constant. For the spherical 
surface charge represented by the first term of equation (1), 
there is a discontinuity when 𝒓 ≡ 𝒂 which leads to two separate 
equations of the potential Φ(𝒓)𝒓<𝒂 when 𝒓 < 𝒂 and Φ(𝒓)𝒓>𝒂 
when 𝒓 > 𝒂. Using a Legendre polynomial expansion for the 
term 1 |𝒓 − 𝒂|⁄  of equation (1) states 
 
 
1
|𝒓 − 𝒂|
= ∑
𝑟𝑙
𝑎𝑙+1
𝑃𝑙(cos 𝛽)𝑃𝑙(cos 𝜃)
∞
𝑙=0
 
 
(2) 
Substitution of above equation into the first term of equation 
(1) and subsequent integration over the surface in spherical 
polar coordinates (𝒓, 𝜃, 𝜑) for vector 𝒓 and (𝒂, 𝛽, 𝜑) for vector 
𝒂 from 0 < 𝜑 < 2𝜋 takes the form 
 
 
Figure 1 Geometric representation of the spherical interface of the cavity and internal 
point charge. 
 
 𝐾 ∫
𝜎(𝜃)𝑎2 sin 𝜃 𝑑𝜃𝑑𝜑
|𝒓 − 𝒂|
= ∑ 𝐴𝑙
𝑟𝑙
𝑎2𝑙+1
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 (3) 
 
where  
 
 𝐴𝑙 = 2𝜋𝐾 ∫ 𝜎(𝜃)𝑎
𝑙+2 sin 𝜃 𝑃𝑙(cos 𝜃)𝑑𝜃
𝜋
0
 (4) 
 
The second term of equation (1) represents the internal point 
charge and there is no discontinuity, which means it is the same 
equation for both solutions 𝒓 > 𝒂 and 𝒓 < 𝒂  
 
 𝐾
𝑞
|𝒓 − 𝒉|
= 𝑞𝐾 ∑
ℎ𝑙
𝑟𝑙+1
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 (5) 
 
Substitution of eq. (3) and (5) into (1) gives the expansion of the 
Gauss potential in terms of Legendre polynomials for 𝒓 < 𝒂 
  
 Φ𝒓<𝒂 = ∑ 𝐴𝑙
𝑟𝑙
𝑎2𝑙+1
𝑃𝑙(cos 𝛽)
∞
𝑙=0
+ 𝑞𝐾 ∑
ℎ𝑙
𝑟𝑙+1
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 (6) 
 
 
and for 𝒓 > 𝒂 again substituting (3) and (5) into (1)  
 
 Φ𝒓>𝒂 = ∑ 𝐴𝑙
1
𝑟𝑙+1
𝑃𝑙(cos 𝛽)
∞
𝑙=0
+ 𝑞𝐾 ∑
ℎ𝑙
𝑟𝑙+1
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 (7) 
 
Imposing the Dietrich-Newman boundary conditions and 
assuming the dielectric medium is isotropic, and the normal 
components of the dielectric displacement field 𝐃 and the 
tangential components of the electric field 𝐄 satisfy the 
following equations11,18  
 
 (𝐃|𝑟=𝑎+ − 𝐃|𝑟=𝑎−) ∙ 𝐧 = 𝜎 (8) 
and 
 (𝐄|𝑟=𝑎+ − 𝐄|𝑟=𝑎−) × 𝐧 = 0 (9) 
 
where 𝑎+  defines the radial position approaching from 
outside, and 𝑎− on the inside of the sphere; 𝐧 is a unit vector 
normal to the surface and directed outwards from the spherical 
interface and 𝜎 the surface charge density. Both equations 
come directly from Maxwell equations.18 At the interface the 
normal component of the electric field is discontinuous due to 
the presence of a permanent surface charge, noting that 𝐃 =
ε0𝐄 (for vacuum) and 𝐄 = −𝛁Φ therefore from equation (8)12 
 
 
𝜎𝑡
𝜀0
=
𝜕Φ𝒓<𝒂
𝜕𝒓
|
𝑟=𝑎−
−
𝜕Φ𝒓>𝒂
𝜕𝒓
|
𝑟=𝑎+
 (10) 
 
Differentiating equation (6) and equation (7) and substituting in 
(10) the equation for charge density becomes 
 
 𝜎𝑡(cos 𝛽) =
1
4𝜋𝐾
∑ 𝐴𝑙
2𝑙 + 1
𝑎𝑙+2
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 (11) 
 
The other boundary condition is related to the excess or free 
charge where the electric field is reduced in the exterior of the 
sphere 𝒓 > 𝒂, by a factor of the dielectric constant 𝑘. This 
reduction can be understood in terms of polarisation, such as 
the reduction of the electric field in opposition to that of the 
internal charge. This boundary condition states that the normal 
component of the dielectric displacement field due to the 
presence of an excess of charge on the surface of the sphere 
satisfies the following equation 
 
 
𝜎𝑒
𝜀0
=
𝜕Φ𝒓<𝒂
𝜕𝒓
|
𝑟=𝑎−
− 𝑘
𝜕Φ𝒓>𝒂
𝜕𝒓
|
𝑟=𝑎+
 (12) 
 
Differentiating equations (6) and (7) and substituting in (12) 
 
 
𝜎𝑒
𝜀0
= ∑ 𝐴𝑙
𝑘(𝑙 + 1) + 𝑙
𝑎𝑙+2
𝑃𝑙(cos 𝛽)
∞
𝑙=0
+ (𝑘 − 1)𝑞𝐾 ∑
(𝑙 + 1)ℎ𝑙
𝑎𝑙+2
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 
(13) 
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where 𝑘 = 𝜀/𝜀0  is the dielectric constant. Multiplying both 
sides of equation (13) by sin 𝛽 𝑃𝑙′(cos 𝛽), integrating over the 
surface of the sphere and using the following relation  
 
 ∫ sin 𝛽 𝑃𝑙′(cos 𝛽)𝑃𝑙(cos 𝛽)𝑑𝛽
𝜋
0
=
2𝛿𝑙,𝑙′
(2𝑙 + 1)
 (14) 
 
with 𝑙′ = 0 the left side of equation (14) becomes 
 
 ∫ sin 𝛽 𝑃0(cos 𝛽)𝑃𝑙(cos 𝛽)𝑑𝛽
𝜎𝑒
𝜀0
𝜋
0
= 8𝜋𝐾𝜎𝑒𝛿𝑙,0 (15) 
 
while the right side of equation (13) becomes 
 
 
⋯ =
2
𝑎2
(𝐴𝑙
𝑘(𝑙 + 1) + 𝑙
(2𝑙 + 1)𝑎𝑙
+ (𝑘 − 1)𝑞𝐾
𝑙 + 1
2𝑙 + 1
ℎ𝑙
𝑎𝑙−1
) 
(16) 
 
Multiplying right sides of (15) and (16) by 
𝑎2
2
, equation (13) takes 
the form 
 
 
4𝜋𝐾𝑎2𝜎𝑒𝛿𝑙,0 = 𝐴𝑙
𝑘(𝑙 + 1) + 𝑙
(2𝑙 + 1)𝑎𝑙
 
               +(𝑘 − 1)𝑞𝐾
𝑙 + 1
2𝑙 + 1
ℎ𝑙
𝑎𝑙−1
= 𝐾𝑞𝑒𝛿𝑙,0 
(17) 
 
where the excess of charge density is the total charge divided 
by the surface area 𝜎𝑒 =
𝑞𝑒
4𝜋𝑎2
 in the sphere11. From (17)  
 
 𝐴𝑙 =
(2𝑙 + 1)𝑎𝑙𝐾𝑞𝑒
𝑘(𝑙 + 1) + 𝑙
𝛿𝑙,0 + 𝑞𝐾
(1 − 𝑘)(𝑙 + 1)
𝑘(𝑙 + 1) + 𝑙
𝑎ℎ𝑙  (18) 
 
and substituting in (11) 
 
 
𝜎𝑝𝑜𝑙
𝑠𝑢𝑟𝑓(cos 𝛽) =
𝑞𝑒
4𝜋𝑘𝑎2
 
     +
1
4𝜋𝑎
∑ 𝑞
(1 − 𝑘)(𝑙 + 1)(2𝑙 + 1)
𝑘(𝑙 + 1) + 𝑙
(
ℎ
𝑎
)
𝑙
𝑃𝑙(cos 𝛽)
∞
𝑙=0
 
(19) 
 
This equation describes the surface charge density on the 
spherical interface, with radius 𝑎 and dielectric constant 𝑘, due 
to the presence of a point charge inside of an empty cavity 
located at a distance ℎ from the centre of the cavity with charge 
𝑞.  
 Figure 2 illustrates the surface charge density when the 
point charge is moving inside and on the left hemisphere of a 
neutral sphere (see Figure 3a to Figure 3d) using equation (19) 
with radius 𝑎 = 3.8 Å and dielectric constant 𝑘 = 3.45 which 
has the dimensions and the dielectric properties of a C60 
molecule.19,20 Since it is a neutral sphere the excess of charge 
𝑞𝑒 = 0 and the charge of the point charge 𝑞 = +2𝑒. The values 
that the distance ℎ takes, for the point charge when it is moving 
on the left hemisphere, are from -3.0 Å to 0.0 Å in steps of 0.2 
Å. As the sphere has symmetrical symmetry, the differential 
surface charge density when the point charge is moving on the 
right hemisphere would have mirror curves with respect to 𝛽 
angle, that means the lobes of negative charge of the graphic 
would be on the left side about zero, and the positive charge 
would be on the right side. At the distance of -3.0 Å from the 
centre (only 0.8 Å from the shell) the negative charge is 
concentrated between 2.4 and π equivalent to ~13% of the 
surface area and the positive is on the remaining ~87% of the 
surface. While the particle is moving away from the wall or shell 
to the centre, the negative charge spreads over the surface 
until -0.0001 Å; at this point half of the hemisphere (or 50% of 
surface charge) is purely negative and the other half purely 
positive (see inset of Figure 2). The same happens 
symmetrically in the other side of the hemisphere from 0.0001 
Å to 3.0 Å.  
 
 
Figure 2 Normalized surface charge density, calculated as 2𝜋𝑎2 𝑠𝑖𝑛(𝛽) 𝜎(𝑐𝑜𝑠𝛽) 
using equation (19) on a sphere representing the dimensions and dielectric 
properties of the C60 molecule: 𝑎 = 3.8 Å, k = 3.45 and 𝑞𝑒 = 0. The point charge 
has a magnitude of 𝑞 = +2𝑒. The colour labelling is used to represent the 
separation h, between the centre of the sphere and the point charge which is 
moving in the left hemisphere only, ℎ varies with a step of 0.2 Å in the distance 
range of -3.0 Å (dark red) to 0 Å (dark blue). Inset shows the surface charge density 
distribution at ℎ = -0.0001 Å (light blue) when the point charge is in the left 
hemisphere, ℎ = 0 Å (flat dark blue line) when the point charge is at the centre) 
and ℎ = 0.0001 Å (green) when the point charge in the right hemisphere.  
 
A switch of polarisation, from negative charge to positive 
charge, between hemispheres was observed when the point 
charge moved from one side of the fullerene to the other in a 
short distance range away from the middle of the sphere (-
0.0001 Å to 0.0001 Å). This switch is depicted in the inset of 
Figure 2 for three positions of the point charge when the point 
charge is at -0.0001 Å (dark blue) the lobe of negative charge 
represents the charge density of the left hemisphere and the 
lobe of positive charge represent the charge density of the right 
hemisphere (see Figure 3c). When the particle is in the middle 
of the sphere ℎ = 0 the charge density is represented by the 
flat line in black at 0, which means the shell is now neutral and 
no polarisation is observed. Just crossing the zero on the right 
hemisphere at 2.0 Å, given the symmetry, the left hemisphere 
becomes positive and the right hemisphere becomes negative 
represented by the green line in the inset. 
 In the next section these electrostatic results of the surface 
charge density for empty sphere and an internal point charge 
are compared with quantum chemical calculations of C60 
simulating the sphere of the electrostatic model in interaction 
with an internal point charge to be incorporated into the 
calculations. 
  
 Quantum calculations using density functional theory (DFT) 
have been carried out to compare with the classical 
electrostatic calculations of the previous section. The 
distribution of charge in the C60 was obtained with the Becke 
three parameter hybrid exchange functional and Yang’s 
gradient B3LYP21,22/6-311G*23 level of theory, implemented in 
the Q-Chem quantum chemistry package.24 The charge density 
is taken from partial atomic charges from Mulliken population 
analysis25 and compared with the classical results from 
equation (19). The partial atomic charges of Mulliken 
population analysis show a high degree of sensitivity to the 
basis set.26,27 However,  using a consisting basis set proved a 
high degree of quality confidence in previous 
publications.12,15,28 These values of partial atomic charges of 
Mulliken population analysis are depicted on Figure 3 for six 
values of separation distance between the centre of the C60 and 
the point charge. At a distance of -3.0 Å (Figure 3a) the negative 
charge is concentrated on ~12% of the surface area of the 
fullerene and the positive charge is smeared over the rest ~88% 
of the surface area. The small difference of 1% between this 
value of surface area and the one calculated with the 
electrostatic model (13%) for the same distance is perhaps 
caused by the nature of the electrostatic model that is a 
continuous model and the quantum model which is a discrete 
model; one is provided by an analytical solution and the other 
by overlapping electron orbitals into the net population 
analysis respectively. At -0.8 Å (Figure 3b) of separation from 
the centre of the surface, the area covered by the negative 
charge is about ~33%, instead the classical solution has a value 
of 44%, which is 11% different to the quantum solution. When 
the internal charge is moving towards the centre, at -0.2 Å and 
0.2 Å the negative charge spreads over the surface on about 
~50% until it reaches the centre, where the negative and 
positive charges are equally spread on a non-polarized 
fullerene.  
 The method of selection of partial atomic charges from 
Mulliken population to compare with classical electrostatic 
comes from dividing by rings over the fullerene and make a 
summation of Mulliken charges in the ring. The rings are 
defined between two angles 𝛽𝑖  and 𝛽𝑖+1 by tracing a line from 
the centre of the fullerene and one point over the surface on 
incremental steps Δ𝛽 = 𝛽𝑖+1 − 𝛽𝑖. This angle must be chosen 
with two restrictions: avoid missing any surface area or atoms 
i.e. multiple of 𝜋 radians and it also must be big enough to 
contain at least one atom. The angle chosen to compare the 
fullerene and the particle inside was Δ𝛽 = 20°, this gives nine 
slices of the surface of C60 with the same width. Within these 
slices summations of the partial atomic charge has been made, 
and this has been depicted in Figure 4 as a blue colour line fitted 
with a polynomial of degree 8. 
 
 
 
Figure 3 Distribution of partial atomic charges on the C60 molecule at six values of 
separation distance between the centre of C60 and the internal point charge of q = +2e 
located: (a) -3.0 Å, (b) -0.8 Å, (c) -0.2 Å, (d) 0 Å, (e) 0.2 Å and (f) 3.0 Å. Blue circles show 
positive charge residing on carbon atoms, red circles depict negative charge and green 
circle the internal point charge. The size of each circle has been renormalized to convey 
the degree of polarisation rather than its magnitude. 
 
The electrostatic result taken by the analytical solution 
equation (19) is represented by the cyan colour line in Figure 4, 
calculated as 2𝜋𝑎2 𝑠𝑖𝑛(𝛽) 𝜎(𝑐𝑜𝑠𝛽)  on a sphere with the 
dimension (𝑎 = 3.8 Å) and dielectric properties (k = 3.45) of the 
C60 molecule, these classical results were scaled in order to 
compare with the atomic charge density results of the Mulliken 
population analysis. At a distance of -3.0 Å from the centre 
(Figure 4a) the negative charge is concentrated in terms of the 
angle 𝛽 between 2.54 and 3.14 rad with a magnitude of ~1.5 
a.u. due to the proximity of the point charge to the C60 which is 
in a good agreement with the electrostatic model. When the 
particle is closer to the centre at -0.8 Å or 0.8 Å (Figure 4b) the 
quantum solution crosses the x-axis at 1.86 rad while the 
classical at 1.75 rad giving a little difference between them but 
whit almost the same area covered. At -0.2 Å (Figure 4c) the 
positive and negative charge density are separated by 
hemispheres (see Figure 3c and Figure 3e) and the lines crosses 
the x-axis at the same point (1.6 rad); however, the charge 
magnitude is 3.5 times smaller (0.04 a.u.) than that when it was 
at 0.8 Å (0.14 a.u.).  Since it is a neutral sphere the charge 
density is zero on all points over the sphere when the particle 
is in the centre and the analytical solution which is a continuous 
model is represented by the flat line at zero in Figure 4d which 
is contrasted by the curves showing equal distributions of 
positive and negative charge with small magnitudes of partial 
atomic charge around the order of 10-3 a.u. 
Polarisation can affect the interaction between dielectric 
particles29–34 or can define a key element in electronic 
components.35–37 Polarisation for this particular case, where 
the point charge is located on the inside of the particle might 
be used as a mechanism for switching charge between stable 
states with the simple movement of a component (i.e. an atom) 
of the particle. If this component is trapped inside of the 
particle the degrees of freedom are reduced and it is easily 
controlled (mainly because a finite number of stable states 
exists). The way to control it could be via external stimuli such 
as light, temperature, voltage, electric or magnetic fields. For 
C60 the position of the charged particle on the inside of the 
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neutral sphere drastically changes the polarisation on the 
surface of the sphere and this change is the key to defining a 
nanoswitch. The Ion can be substitute by an atom in which 
depending on the position might transfer charge to the shell or 
not.15,38 
 
 
Figure 4 Surface charge density of a sphere in the presence of an external point charge. 
The cyan line represents the analytical solution calculated as 2πa2 sin(β) σ(cosβ) using 
equation (19) on a sphere representing the dimensions and dielectric properties of the 
C60 molecule: a = 3.8 Å, k = 3.45 and 𝑞𝑒 = 0 normalized to the quantum charge density 
results. The quantum charge density results are depicted by the blue line of C60 molecule 
taken from Mulliken population analysis when the inside point charge is at the positions 
(a) -3.0 Å, (b) -0.8 Å, (c) -0.2 Å and (d) 0.0 Å. 
According to the classical model elaborated for an empty cavity 
surrounded by dielectric material hollow sphere interacting 
with an internal point charge a switch of polarisation was 
created, given by a redistribution of charge by crossing the 
centre of the fullerene from one of the hemispheres to the 
other. The results of this analysis have been compared with 
quantum chemical calculations to obtain a qualitative 
description of charge distribution. Both analyses have good 
qualitative similarities with respect to the distribution of charge 
and the small differences between these two methods could be 
explained by the scale in which the quantum effect seems to 
take control in certain positions of the internal particle. This 
polarisation on the surface of the sphere or fullerene can be 
used to define a switch through the motion of an ion or charged 
particle in the cavity by restricting the movement of the 
trapped ion in a path on the centre of the cavity from one 
hemisphere to the other. This restriction on the movement can 
be achieved by electrical, magnetic or optical means applied to 
the particle.38 
 
Notes and references 
 Calculated as ∫ ∫ 𝒓𝟐 𝐬𝐢𝐧 𝜽 𝒅𝜽
𝜽𝟐
𝜽𝟏
𝒅𝝋
𝟐𝝅
𝟎
𝟒𝝅𝒓𝟐⁄  
1. Thomson, W. L. K. Extrait d’une lettre de M. William 
Thomson (reported by A. M. Liouville). J. Math. Pure. Appl. 
364 (1845). 
2. Wastberg, B., Bruhwiler, P. A., Maxwell, J. & Mirtensson, 
N. 1s x-ray-absorption spectroscopy of C60: The effects of 
screening and core-hole relaxation. Phys. Rev. B 50, 31–34 
(1994). 
3. Kirkwood, J. G. On the theory of dielectric polarization. J. 
Chem. Phys. 4, 592–601 (1936). 
4. Kirkwood, J. G. Theory of Solutions of Molecules 
Containing Widely Separated Charges with Special 
Application to Zwitterions. J. Chem. Phys. 2, 351–361 
(1934). 
5. Lindell, I. V. Electrostatic image theory for the dielectric 
sphere. Radio Sci. 27, 1–8 (1992). 
6. Lindell, I. V., Ermutlu, M. E. & Sihvola, A. H. Electrostatic 
image theory for layered dielectric sphere. IEE Proc. H 
Microwaves, Antennas Propag. 139, 186 (1992). 
7. Ohshima, H. & Mishonova, E. Electrostatic interaction 
between two charged spherical molecules. 4622, (1996). 
8. Ohshima, H. Electrostatic interaction between soft 
particles. J. Colloid Interface Sci. 328, 3–9 (2008). 
9. Ohshima, H. Electrostatic Interaction between Two 
Dissimilar Spheres with Constant Surface Charge Density. J. 
Colloid Interface Sci. 170, 432–439 (1995). 
10. Deng, S. & Cai, W. Extending the Fast Multipole Method 
for Charges inside a Dielectric Sphere in an Ionic Solvent: 
High Order Image Approximations for Reaction Fields. J. 
Comput. Phys. 227, 1246–1266 (2007). 
11. Bichoutskaia, E., Boatwright, A. L., Khachatourian, A. & 
Stace, A. J. Electrostatic analysis of the interactions 
between charged particles of dielectric materials. J. Chem. 
Phys. 133, 24105 (2010). 
12. Raggi, G., Stace, A. J. & Bichoutskaia, E. Surface-charge 
distribution on a dielectric sphere due to an external point 
charge: examples of C60 and C240 fullerenes. Phys. Chem. 
Chem. Phys. 15, 20115–9 (2013). 
13. Sten, J. C.-E. & Lindell, I. V. Electrostatic image theory for 
the dielectric sphere with an internal source. Microw. Opt. 
Technol. Lett. 5, 597–602 (1992). 
14. Cai, W., Deng, S. & Jacobs, D. Extending the fast multipole 
method to charges inside or outside a dielectric sphere. J. 
Comput. Phys. 223, 846–864 (2007). 
15. Raggi, G., Stace, A. J. & Bichoutskaia, E. Polarisation charge 
switching through the motion of metal atoms trapped in 
fullerene cages. Phys. Chem. Chem. Phys. (2014). 
doi:10.1039/C4CP02672A 
16. Jorn, R., Zhao, J., Petek, H. & Seideman, T. Current-driven 
dynamics in molecular junctions: endohedral fullerenes. 
ACS Nano 5, 7858–65 (2011). 
17. Stace, A. J. & Bichoutskaia, E. Treating highly charged 
carbon and fullerene clusters as dielectric particles. Phys. 
Chem. Chem. Phys. 13, 18339–46 (2011). 
18. Jackson, J. D. Classical Electrodinamics. (John Wiley & 
Sons, Inc., 1962). 
19. Zettergren, H., Jensen, J., Schmidt, H. T. & Cederquist, H. 
Electrostatic model calculations of fission barriers for 
  
fullerene ions. Eur. Phys. J. D - At. Mol. Opt. Phys. 29, 63–
68 (2004). 
20. Nakamura, M. & Hervieux, P.-A. Stability and 
fragmentation of multiply charged clusters of fullerenes. 
Chem. Phys. Lett. 428, 138–142 (2006). 
21. Becke, A. D. Density-functional thermochemistry. III. The 
role of exact exchange. J. Chem. Phys. 98, 5648 (1993). 
22. Lee, C., Yang, W. & Parr, R. G. Development of the Colle-
Salvetti correlation-energy formula into a functional of the 
electron density. Phys. Rev. B 37, 785–789 (1988). 
23. Krishnan, R., Binkley, J. S., Seeger, R. & Pople, J. a. Self-
consistent molecular orbital methods. XX. A basis set for 
correlated wave functions. J. Chem. Phys. 72, 650 (1980). 
24. Shao, Y. et al. Advances in methods and algorithms in a 
modern quantum chemistry program package. Phys. 
Chem. Chem. Phys. 8, 3172–91 (2006). 
25. Mulliken, R. S. Electronic Population Analysis on 
LCAO[Single Bond]MO Molecular Wave Functions. I. J. 
Chem. Phys. 23, 1833 (1955). 
26. Martin, F. & Zipse, H. Charge distribution in the water 
molecule--a comparison of methods. J. Comput. Chem. 26, 
97–105 (2005). 
27. Davidson, E. R. & Chakravorty, S. A test of the Hirshfeld 
definition of atomic charges and moments. Theor. Chim. 
Acta 83, 319–330 (1992). 
28. Raggi, G. & Soto, J. R. Relativistic DFT calculations of 
magnetic moments of pristine and thiolated Mn@Aux (x = 
6, 12). Phys. Chem. Chem. Phys. 16, 21506–21512 (2014). 
29. Ochs, H. & Czys, R. Charge effects on the coalescence of 
water drops in free fall. Nature 327, 606–608 (1987). 
30. Sickafoose, A., Colwell, J., Horányi, M. & Robertson, S. 
Photoelectric Charging of Dust Particles in Vacuum. Phys. 
Rev. Lett. 84, 6034–6037 (2000). 
31. Feng, J. Electrostatic interaction between two charged 
dielectric spheres in contact. Phys. Rev. E 62, 2891–2897 
(2000). 
32. Labowsky, M., Fenn, J. B. & Fernandez de la Mora, J. A 
continuum model for ion evaporation from a drop: effect 
of curvature and charge on ion solvation energy. Anal. 
Chim. Acta 406, 105–118 (2000). 
33. Allahyarov, E., Zaccarelli, E., Sciortino, F., Tartaglia, P. & 
Löwen, H. Interaction between charged colloids in a low 
dielectric constant solvent. Europhys. Lett. 78, 38002 
(2007). 
34. Kebarle, P. & Peschke, M. On the mechanisms by which 
the charged droplets produced by electrospray lead to gas 
phase ions. Anal. Chim. Acta 406, 11–35 (2000). 
35. Yeganeh, S., Galperin, M. & Ratner, M. a. Switching in 
molecular transport junctions: polarization response. J. 
Am. Chem. Soc. 129, 13313–20 (2007). 
36. Pintilie, I. et al. Polarization-control of the potential barrier 
at the electrode interfaces in epitaxial ferroelectric thin 
films. ACS Appl. Mater. Interfaces 6, 2929–39 (2014). 
37. Chu, M.-W. et al. Impact of misfit dislocations on the 
polarization instability of epitaxial nanostructured 
ferroelectric perovskites. Nat. Mater. 3, 87–90 (2004). 
38. Raggi, G., Besley, E. & Stace, A. J. The influence hydrogen 
atom addition has on charge switching during motion of 
the metal atom in endohedral Ca@C 60 H 4 isomers. 
Philos. Trans. R. Soc. A Math. Phys. Eng. Sci. 374, 20150319 
(2016). 
 Acknowledgements 
The author wishes to thank Professor T. Wright, Professor A. J. 
Stace, Dr H.K. Chan and Professor E. Besley for fruitful 
discussions and comments, Dr T.  Fernholz and Dr C. H. Lam for 
financial support and finally to the High-Performance 
Computing (HPC) Facility at the University of Nottingham for 
providing computational time.   
 
